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Modeling and analysis of a MEMS piezoelectric (PZT-Lead Zirconate Titanate) unimorph
cantilever with di®erent substrates are presented in this paper. Stainless steel and Silicon h110i
are considered as substrate. The design is intended for energy harvesting from ambient vibra-

tions. The cantilever model is based on Euler–Bernoulli beam theory. The generated voltage and

power, the current density, resonance frequencies and tip displacement for di®erent geometry
(single layer and array structure) have been analyzed using ¯nite element method. Variation of

output power and resonant frequency for array structure with array elements connected in

parallel have been studied. Strain distribution is studied for external vibrations with di®erent
frequencies. The geometry of the piezoelectric layer as well as the substrate has been optimized

for maximum power output. The variation of generated power output with frequency and load

has also been presented. Finally, several models are introduced and compared with traditional

array MEMS energy harvester.

Keywords: PZT; MEMS; energy harvester; vibration; cantilever.

1. Introduction

Development of e±cient methods for extracting unused energy from ambient sources

to replace chemical cell in micro-power autonomous system is a growing research

activity. The rapid growth of micro-systems and its implementation in wireless and

autonomous sensors accelerate research in such ¯elds. The mechanical vibrations are

found abundantly in our surrounding.1 Conversion of this vibrational energy into

usable electrical power is achieved by three means: electrostatic, electromagnetic and

piezoelectric.2 Piezoelectric method is considered to be more e±cient than other two
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mechanisms because of its high electromechanical coupling e®ect, self-generating

nature and capability of generating power in the range of �w to mw.3 The advent of

MEMS fabrication process and recently introduced NEMS provide an e±cient way

to achieve fabrication of piezoelectricity based micro energy harvester. Studies on

various designs of MEMS piezoelectric energy harvester have been reported in Ref. 4.

A simple model of piezoelectric energy harvester has been reported in Ref. 5. The

model is based on the mass-spring system and the outcome shows the dissipation of

power a®ected due to damping of the system. Shen et al.6 successfully fabricated a

unimorph PZT cantilever generator that can generate 2.15�W from vibration with a

magnitude of 2 g (g ¼ 9:81ms�2Þ at a resonance frequency about 461.5Hz. Fang

et al.7 used nickel metal mass to tune the resonance frequency at about 608 Hz, which

generates 0.89V peak–peak. Lin et al.8 constructed a PZT (MEMS) harvesting device

of micrometer size based on silicon and stainless steel substrate. The device, based on

stainless steel has maximum output power of 34�W with 1.5 g, however, PZT layer

based on silicon provides 21�W power at 1.5 g. Most of the energy obtainable from

such devices lie around the resonant frequency.9 Liu et al.10 investigated array of

piezoelectric cantilevers with di®erent proof mass. Liu et al.,11 fabricated and sim-

ulated array of PZT patterned on the cantilever and connected in parallel and series

with low operating frequency and the result shows more power generated in the

parallel connection.

The design and development of di®erent models based on MEMS energy harvester

with PZT as a piezoelectric material is presented in this work. The models are

compared in single PZT prototype and array of PZT based on stainless steel and

silicon (110) material as substrate. The models are simulated and analyzed using

Finite Element Method (FEM). The models are also simulated repeatedly to opti-

mize the best geometry and dimension for obtaining maximum power. The depen-

dency on other parameters like strain, variation of resonance frequency as well as

behavior of current density in piezoelectric material has also been reported.

2. Problem Formulation

The constitutive relation of a piezoelectric material can be expressed by the following

equations

D3 ¼ d31T1 þ "0"
T
33E3 ; ð1Þ

�1 ¼ sE11T1 þ d31E3 ; ð2Þ
where �1 and T1 are the strain and stress vectors along the length of a piezoelectric

material.D3 and E3 denote the z-coordinates of the electric displacement and electric

¯eld, respectively. The d31 and "0"
T
33 are the piezoelectric constants and electrical

permittivity whereas sE11 speci¯es the component of compliance under constant

electric ¯eld.
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By considering (1) and (2), mechanical stress is found to be a function of electric

displacement. Therefore, electric displacement a®ects the movement of charge on the

piezoelectric plate. The electric ¯eld will be created across the top and bottom

electrodes in the thickness direction due to the mechanical strain on the piezoelectric

material. In case of piezoelectric cantilever vibration the electrodes can be coupled

with load resistances from zero to in¯nity, i.e., from short circuit to open circuit.

The short circuit and open circuit conditions can be calculated by assuming

E3 ¼ 0 orD3 ¼ 0 in (1) or (2). When D3 ¼ 0 we have in¯nite value of load resistance

connected across piezoelectric electrodes.12 For the estimation of the short-circuit it

is assumed E3 ¼ 0.

Here, (3) is the Euler–Bernoulli relation for the proposed model.13 The direction of

external force is along the z-direction where cair is the air damping coe±cient, cstrain is

the strain of material damping coe±cient and YI is equivalent bending sti®ness.

YI
@ 4uðx; tÞ

@x4
þ Icstrain

@ 5uðx; tÞ
@x4@t

þ cair
@uðx; tÞ

@t
þm

@ 2uðx; tÞ
@t2

¼ �½mþmt�ðx� lÞ� @
2ubðx; tÞ
@t2

: ð3Þ

� is the Dirac delta function. The forcing term due to external damping is neglected

in this model.

ubðx; tÞ ¼ gðtÞ þ xhðtÞ ; ð4Þ
ubðx; tÞ is the base displacement given by (4) where gðtÞ is the translation in the

z-direction and hðtÞ is the rotational displacement which is neglected in this model,

so hðtÞ ¼ 0.

The forcing function may be expressed as

fðtÞ ¼ �m
@ 2gðtÞ
@t2

Z l

0

UnðxÞdx
� �

�mtUnðlÞ
@ 2gðtÞ
@t2

; ð5Þ

where uðx; tÞ is the lateral position of the beam from the center which can be

determined as

uðx; tÞ ¼
X1
n¼1

UnðxÞTnðtÞ : ð6Þ

The vertical displacement of the clamped-free beam with respect to time for the nth

mode is obtained as

TnðtÞ ¼
m!2 � j! cair

!2
n � !2 þ j2 �n!n!

�

knl

ffiffiffiffiffi
l

m

r
; ð7Þ

where the total damping ratio is �n ¼ �Strain þ �air, �Strain ¼ CstrainI!n=2YI and

�air ¼ Cair=2m!n.
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When damping is neglected in (3) the modi¯ed Euler–Bernoulli relation can be

expressed as

@ 4UnðxÞ
@x4

� k4
nUðxÞ ¼ 0 : ð8Þ

The following boundary conditions are considered for the system as x ¼ 0, uð0; tÞ ¼
0; @uðx;tÞ

@x

h i
x¼0

¼ 0 and at x ¼ l: YI @u2ðx;tÞ
@x 2

h i
x¼l

¼ YI @u3ðx;tÞ
@x 3

h i
x¼l

¼ 0

UnðxÞ ¼ Cr½cosðknxÞ � coshðknxÞ þ �ðsinðknxÞ � sinhðknxÞÞ� ; ð9Þ

� ¼
sinðknlÞ � sinhðknlÞ þ ðknlÞ

mt

m
ðcosðknlÞ � coshðknlÞÞ

cosðknlÞ þ coshðknlÞ � ðknlÞ
mt

m
ðsinðknlÞ � sinhðknlÞÞ

; ð10Þ

where kn is the wavenumber in spatial coordinate, k4
n ¼ m!2

n=YI, knl ¼ �n, m ¼
�ptp þ �sts and mt ¼ �mtm, m and mt is the mass per unit length where �p, �s; tp and

ts are the densities of the piezoelectric material, substrate, the thickness of piezo-

electric layer and substrate, respectively. mt=m is a dimensionless parameter which

gives the proof mass to beam mass ratio.

By considering (7), (8) and (9), one can obtain the relative tip displacement for a

harmonically excited beam with a proof mass attached to its free end as

uðx; tÞ ¼ 2!2A0 cosð!tÞ
X1
n¼1

½cosðknxÞ � coshðknxÞ þ �ðsinðknxÞ � sinhðknxÞÞ�

� m!2 � j! cair
!2

n � !2 þ j2 �n!n!

�

knl

ffiffiffiffiffi
l

m

r
: ð11Þ

2.1. Cantilever resonance frequency

The resonant frequency of MEMS cantilever depends on the structure of the

cantilever and the type of the material which can be represented as12

fn ¼ � 2
n

2�l2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
YI

4lm
l

þ 3

� �
mt

vuuut : ð12Þ

Here �n is the nth mode eigenvalue with n ¼ 1; 2; 3; . . . and �1 ¼ 1:87; �2 ¼ 4:69; �3 ¼
7:85 and so on.

For negligible thickness of the electrode layers, the sti®ness depends on the

thickness of the substrate and piezoelectric layer. Moreover, tip displacement and

beam deformation are reduced in bulky multilayer.

The appropriate neutral axis point for composite two beams can be expressed by

�z ¼ wstszs þ �ewptpzp
wsts þ �ewptp

: ð13Þ

B. Montazer & U. Sarma

1750128-4

J 
C

IR
C

U
IT

 S
Y

ST
 C

O
M

P 
D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 M

r.
 S

ia
m

ak
 M

ir
 S

ha
hi

 o
n 

02
/2

8/
17

. F
or

 p
er

so
na

l u
se

 o
nl

y.



It is obvious from Eq. (13) that if the substrate thickness is zero, the neutral axis lies

in the middle of the piezoelectric layer. This creates equal and opposite strains on the

top and bottom surface of the piezoelectric layer. This condition results in perfect

charge cancellation inside the piezoelectric layer and power generated will be zero.

When the thickness of the substrate increases, the distance of the neutral

axis moves gradually out of the piezoelectric layer. This causes unequal strains on the

surfaces of the piezoelectric layers, hence, a net charge appears across the layers. If

the substrate is relatively thicker, then the total de°ection of the beam will be

reduced which will cause less charge generation. So, for maximum charge generation,

the thickness of the substrate needs to be optimized. Here �z is the neutral axis

position of the beam (Fig. 1) and zs; zp are the heights of the centroid in substrate

and piezoelectric layer, respectively, i.e., zs ¼ ðts/2) þ tp and zp ¼ tp/2.

The Elastic modulus of the PZT (ElpÞ and Elastic modulus of the substrate (ElsÞ
are written as

Elp ¼ Epð1� 	pÞ ; ð14Þ
Els ¼ Esð1� 	sÞ ; ð15Þ

where Ep;Es; 	p and 	s are piezoelectric Young's modulus, substrate Young's

modulus, piezo Poisson's ratio and substrate Poisson's ratio, respectively.

The ratio of Elastic modulus is �e ¼ Elp=Els. The equivalent moment of inertia of

the composite beam (IÞ about the neutral axis can be represented as

I ¼ wpt
3
p

12
þ wptpðzp � �zÞ2 þ wst

3
s

12
þ wstsðzs � �zÞ2 ; ð16Þ

Fig. 1. Schematic of neutral axis position in cantilever beam.
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where wp and ws are the width of PZT and substrate layer, respectively. Thus, the

°exural rigidity of the composite beam is expressed as

YI ¼ Epwptp ðzp � �zÞ2 þ t3p
12

� �
þ Eswsts ðzs � �zÞ2 þ t3s

12

� �
; ð17Þ

The strain distribution in a multilayered piezoelectric sheet in terms of elastic

modulus of the composite beam is written as

Sx ¼ �zp
@ 2uðx; tÞ

@x2
: ð18Þ

2.2. Voltage and power generation

The z component electrical displacement D3, can be represented as14

D3 ¼ d31Ep

@ 2uðx; tÞ
@x2

ð�z � zpÞ : ð19Þ

By applying Gauss's law on rectangular geometry, total stress-induced charge Qp,

created on the top and bottom of the piezoelectric surface during vibration and can

be expressed as15

Qp ¼
Z lp

0

Z wp

0

D3dxdy ¼ d31Ep

Z lp

0

Z wp

0

@ 2uðx; tÞ
@x2

ð�z � zpÞ
� �

dxdy ; ð20Þ

qp ¼
Qp

T
¼ 
d31Ep

Z lp

0

Z wp

0

@ 2uðx; tÞ
@x2

ð�z � zpÞ
� �

dxdy : ð21Þ

Here qp is the stress-charge with respect to surface where 
 is a correction factor that

resulted from FEM simulation. It is a summation of all stress charges generated in

piezoelectric layer. T is the amplitude of beam vibration.

The capacitance Cp of the active layer can be expressed as

Cp ¼ "0"
T
33

wplp
tp

: ð22Þ

Open circuit voltage across the electrodes of piezoelectric layer can be expressed by

Voc ¼
Qp

Cp

¼ d31Ep

tp
wplp"0"

T
33

Z lp

0

Z wp

0

@ 2uðx; tÞ
@x2

ð�z � zpÞ
� �

dxdy : ð23Þ

For maximum power transfer, piezoelectric impedance jZpj is

jZpj ¼
1

2�fnCp

¼ RLoad : ð24Þ
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The current IL at the load due to harmonic oscillation is given by

IL ¼ Voc

Zp þ ZL

; ð25Þ

where Zp and ZL are considered as complex impedance of the piezoelectric capacitor

and connected load, respectively.

For an array of n piezoelectric elements the load voltage VL and load power P

across a load of zL is expressed as

VL ¼ ZL

1

n
Zp þ ZL

nVoc ; ð26Þ

P ¼ V 2
L

ZL

¼ ðnVocÞ2ZL

1

n
Zp þ ZL

� �
2
: ð27Þ

3. Design and Construction

The unimorph structure of the cantilever with a single piezoelectric patch and array

of piezoelectric patch are shown in Figs. 2(a) and 2(b). All models consist of a bulk

Fig. 2. (a) Single Piezo patch (SPP) (b) Array Piezo patch(APP) for di®erent design (c) cross-section of
design(1) (d) cross-section of design(2).
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Lead Zirconate Titanate (PZT) in d31 mode. The thickness of the electrode layers

are very thin, so their geometrical e®ects are ignored in the model. In the ¯rst

design, stainless-steel is considered as substrate, tungsten as proof mass and PZT is

used as piezoelectric material as shown in Fig. 2(c). In the second design, Silicon

h110i is used for both substrate and proof mass and PZT is used as piezoelectric

material as shown in Fig. 2(d). All the structures are optimized at their resonance

frequencies. Details of the structure and ¯rst frequency modes are given in Table 1.

Mechanical and electrical properties of the beam are given in Table 2. One end of

the cantilever is ¯xed and constrained to the vibrator A0cosðwtÞ with low acceler-

ation (1gÞ.

Table 1. Dimension parameters used for the simulation and analysis.

Cases (l� w� t) number

of array

Resonance Frequency (Hz)

based on S-s or Si

Substrate Proof mass

(l� w� t) Case S-s Si (l� w� t)

S
ta
in
le
ss
-s
te
el
(S
-s
)
or

S
il
ic
on

h1
10
i(S

i)
(8
00
0
�
m
�

80
00

�
m
�
35

�
m
)

Case1

S
ta
in
le
ss
-s
te
el
(S
-s
)
or

S
il
ic
on

h1
10
i(S

i)

(3
49
0
�
m
�
80

00
�
m
�
30

0
�
m
). Array Piezoelectric patch(APP),

(8000�m� 600�m� 25�m)10
164 396

. Single piezoelectric patch (SPP),

(8000�m� 8000�m� 25�m)

178 422

Case2
. Array piezoelectric

Patch (APP),

(1600�m� 600�m� 25�m)10

132 332

. Single piezoelectric patch (SPP),

(1600�m� 8000�m� 25�m)

137 345

Table 2. Material property used for optimization and analysis.

Mechanical and electrical

properties PZT5H Sih110i Stainless-steel W (Tungsten)

Density (Kg/m3) 7,500 2,330 7,850 19,350

E (GPa) 62 169 200 400

Poisson's ratio 0.27 0.064 0.29 0.28
Piezo.coe±cients d31 (C/N) �274 — — —

Piezo.coe±cients d33 (C/N) 650 — — —

Piezo.coe±cients d15 (C/N) 741 — — —

Constant stress dielectric "11 3,130 — — —

Constant stress dielectric "22 3,130 — — —

Constant stress dielectric "33 3,800 — — —

B. Montazer & U. Sarma

1750128-8

J 
C

IR
C

U
IT

 S
Y

ST
 C

O
M

P 
D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 M

r.
 S

ia
m

ak
 M

ir
 S

ha
hi

 o
n 

02
/2

8/
17

. F
or

 p
er

so
na

l u
se

 o
nl

y.



4. Results

Figures 3(a)–3(d) show the output voltages (peak to peak) of APP(Case1), APP

(Case2), SPP(Case1) and SPP(Case2), respectively for both designs. Cantilevers

are simulated as per the mentioned geometry at resonance frequency and the load

impedance is considered to be 300 k�. APP(Case2) has a peak-voltage of 2.33V

which is higher than the other structures. In addition, the voltage generated

in APPS-s(Case2) is more than that of the APPSi(Case2) which is true for other

three geometries also.

(a) (b)

(c) (d)

Fig. 3. (a) (b) (c) and (d) are transient analysis of APP(Case1), APP(Case2), SPP(Case1) and SPP

(Case2), respectively.
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4.1. Load impedance analysis

Figure 4 shows the variation of power with load for all structures as shown in Fig. 2.

The output power has a maximum value of 32.1�W for SPPS-s (Case1) and 25.7�W

for APPS-s(Case1). The detailed ¯ndings are presented in Table 3. The load resis-

tance for maximum power is di®erent for di®erent geometries which establishes

Eqs. (22)–(25). The power generation in APPSi (Case2) (10 PZT connected in

parallel), decreases because of de°ection in Silicon h110i as well as electromechanical

coupling of PZT and Silicon. Figure 5 shows width optimization for array element

over a ¯xed substrate area where power increases to 34.8�W at 750�m width which

is more than SPPS-s(Case1).

4.2. Investigation of output power for array of piezoelectric patch

connected in parallel

The variation of output power with excitation frequency at a ¯xed load of 300 k� for

APPS-s(Case2) is shown in Fig. 6 with piezoelectric elements connected in parallel. A

Fig. 4. Power delivered to the load for di®erent samples.

Table 3. The maximum power extracted at optimum load resistances for di®erent PZT geometry.

Geometry Load impedance (k�) Resonant frequency (Hz) Voltage (Vp) Power (�W)

APPS-s(Case1) 20 164 0.716 25.7

APPS-s(Case2) 120 132 1.46 17.8

SPPS-s(Case1) 17 178 0.73 32.1

SPPS-s(Case2) 110 137 1.43 18.8
APPSi(Case2) 51 332 0.63 7.9
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Fig. 5. Optimal width for array piezoelectric energy harvester.

Fig. 6. Power against frequencies for number of PZT elements connected in parallel.
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shift of the resonant frequency toward higher side is observed as the number of

piezoelectric elements connected in parallel increase. It is also observed that power

increases gradually with the number of elements connected in parallel and remains

constant after an optimum value, as shown in Fig. 6. This variation is in conformity

with Eq. (27). This shift of the resonance frequency is due to the e®ect of electrical

sti®ness and electrical damping of PZT, which can be explained on the basis of the

equivalent lumped model of PZT as shown in Fig. 7 with the dynamic equations as

M €u þ Cmu
: þKmu� � v ¼ �A0!

2 cosð!tÞ ; ð28Þ
Q ¼ �uþ Cp v ; ð29Þ

where M ¼ mproof þ ð1=3Þmp is the approximate e®ective of mass, Cm is the me-

chanical damping part, Km and Q are the mechanical sti®ness electric charge, re-

spectively. The coupling coe±cient (�) of rectangular PZT patch can be expressed as

� ¼ Epd31zp

Z l

0

Z w

0

@ 2uðx; tÞ
@x2

� �
dxdy : ð30Þ

The electrical damping is given as

�e ¼
K 2

2

�

!

!n

� �
2

�2 þ 1

0
BBB@

1
CCCA : ð31Þ

Here K is the electromechanical coupling coe±cient and K 2 ¼ �=Km(nCp). � ¼
!nZLnCp is a dimensionless factor for time constant, !n is the natural frequency of

the system. The electrical sti®ness (Kel) is represented by

Kel ¼
K 2

2

!

!n

� �
2

�2

!

!n

� �
2

�2 þ 1

0
BBB@

1
CCCA : ð32Þ

The value of � increases with the number of PZT elements connected in parallel.

Fig. 7. 1D lumped model of APP.
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4.3. The analysis of strain

Figures 8(a) and 8(b) show the variation of strain with axial beam length obtained

by simulation for SPPS-s and SPPSi, respectively for Case1, whereas (c), (d) are

those for SPPS-s and SPPSi, respectively, for Case2. A section of a two-layered

cantilever/piezoelectric laminate is considered and simulated in frequency domain.

From Fig. 8, it is observed that when resonance frequency matches with natural

frequency, then strain distribution as well as tip displacement reaches maximum

value along the length. Strain created over the upper plane of the cantilever is

dependent on tip displacement. By comparing all the strain distribution observa-

tions, it can be realized that SPPSi for Case2 is sti®er than the other samples, this is

because of the material property of silicon.

(a) (b)

(c) (d)

Fig. 8. Strain distribution generated over the surface of cantilevers (a) SPPS-s Case1 (b) SPPSi Case1 (c)

SPPS-s Case2 and (d) SPPSi Case2.
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4.4. Transient and frequency analysis

The de°ection of the beam along the length (x-axis) for all points continuously over

the surface of the substrate is shown in Fig. 9. The curve is obtained by a transient

time analysis where the beam reaches the maximum de°ection toward upward di-

rection. For sample (1), APPS-s (lp ¼ 8000�m) de°ection is maximum as compared

with other samples. However, for APPSi(lp ¼ 1600�m), the magnitude of dis-

placement is minimum. This is because of the e®ect of mechanical properties of

substrates and density of proof mass.

Figure 10 shows the distribution of current densities for di®erent structures with

stainless-steel material as a substrate. It is observed that the maximum current

density is generated near the ¯xed end of the beam. The stress charge distribution as

presented in (21) is directly related to the current density. In the location of proof

mass, sti®ness is higher which provides minimum current density. Current density in

SPP and APP (Case2) is around 40% lesser than SPP and APP (Case1) at high

stress charge concentration area. The output power, resonant frequency and tip

displacement variation are investigated by optimizing the area of PZT keeping the

substrate area constant (8;000l � 8;000w)�m2 and with the condition l ¼ w.

The maximum output power is achieved at 0.25 PZT/substrate ratio Fig. 11(a). The

maximum power is obtained when PZT impedance matches with the load imped-

ance. Additionally, resonance frequency and tip displacement trend increases and

Fig. 9. (1,2,3,4-5) is the analysis of bending displacement (1.APPS-s, 2.SPPS-s and 3.APPSi, respectively

for Case1 whereas 4.APPS-s, 5.SSPS-s, respectively, for Case2).
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decreases, respectively for increasing PZT area. Figure 12 shows result of maximum

power in SPPS-s and APPS-s at the same ratio of area (0.25) is 48.5�W at 148Hz

and 43.85�W at 153Hz, respectively.

The variation of resonant frequency, tip displacement and output power with

beam length for constant proof mass length and PZT length of 1600�m is shown in

Fig. 11(b). Maximum power is achieved when the substrate length is three times that

of lp. The frequency is maximum when (l� lm � lp) is minimum which makes the

ratio lp=ðl� lmÞ equal to unity keeping the thicknesses and proof mass constant.

Resonance frequency increases with the decrease in l (Eq. (12)) as the sti®ness of the

composite cantilever increases.12 In addition, the power output of the harvester

Fig. 10. Simulation result of current density of di®erent PZT geometry.

(a) (b)

Fig. 11. FEM simulation for power, resonance frequency and displacement at 1g, versus (a) PZT/SPPS-s
area ratio (b) PZT/Stainless-steel length ratio.
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depends on centroid strain. By increasing the length, the position of centroid can be

changed over the substrate.

Figure 13(a) illustrates the output voltage and resonant frequency as a function of

PZT length over ¯xed substrate length. From the ¯gure, it can be seen that the

voltage and frequency response do not change uniformly with the length of PZT

layer. It is found that the open circuit voltage increases with the length and reaches

a maximum and then decreases. The maximum open circuit voltage is obtained at

PZT length of 1.6mm and the resonant frequency is maximum at 4.0mm as shown in

Fig. 13(a) for SPPSi. However, in Fig. 13(b) SPPS-s the maximum values are

obtained at 3.2mm and at 4.4mm for open circuit voltage and resonant frequency,

respectively.

Fig. 12. Transient analysis of power when PZT/substrate area ratio is 0.25 for SPPS-s and APPS-s.

(a) (b)

Fig. 13. Simulation results for variation of frequency and voltage for open circuit analysis when in-

creasing the length of the PZT over cantilever (a) SPPSi and (b) SPPS-s.
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4.4.1. Array patch optimization (To enhance the power of the design the array patch

optimization has been carried out)

Table 4 involves the design optimization of six APPS-s geometric (model 1–6) where

the original width of the array geometry is set to 750�m on stainless steel substrate

and tungsten as proof mass integrated with the cantilever. Table 5 includes models

(APPSi) with same PZT element arrangements designed according to Ref. 9. The

model 1 in Table 5 is designed with approximately equal dimension to the original

dimensions. The PZT array pattern is fabricated on silicon substrate and uses the

same material as proof mass. The width of the array is 240�m and length rear-

rangement is given in Table 4. The power density comparison is shown in Fig. 14(a)

for all models it is shown in Tables 4 and 5.

From Table 5, it is observed that the output power increases from 0.0133 �W to

0.0157 �W (model 1 and 3), which means an increase of about 18.04% as compared to

the original design in Ref. 9 at 0.1 g acceleration. The volume of the device gets

reduced from 10.22mm3 to 10.21mm3. The resonant frequency shifted from 35.13Hz

Table 4. Optimum APPS-s models by considering wp ¼ 750�m.

Case 
index
(APPS-
s)

Design of array and optimal
design variables 

Effective
Volume

fn Power Power density

mm3 Hz µW µW g-2 mm-3

Model1

Length

4400
Model2

Length

8000
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to 31.33Hz in accordance with the change in volume of the device as stated earlier.

Model 3 shows the highest power density as compared to ¯ve di®erent models in both

APPS-s and APPSi. However, APPS-s cantilevers have better performance than

those based on silicon in Ref. 9.

Table 4. (Continued)

Model3

Length

4401 3912 3423 2934 2445 1956 1467 978 489 9
Model4

Length

2445 2934 3423 3912 4401 4401 3912 3423 2934 2445
Model5

Length

4401 3912 3423 2934 2445 2445 2934 3423 3912 4401
Model6

Length

4401 3912 3423 2934 2445 4401 3912 3423 2934 2445
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Table 5. Optimum APPSi models by considering wp ¼ 240�m.

Case 
index
(APPSi)

Design of array and optimal
design variables 

Effective
Volume

fn Power Power density

mm3 Hz µW µW g-2 mm-3

Model1
Ref. 9

Length
(µm) 3260
Model2

Length
(µm) 8000
Model3

Length
(µm) 3259 2897 2535 2173 1811 1448 1086 724 362 72
Model4

Length
(µm) 1811 2173 2535 2897 3259 3259 2897 2535 2173 1811
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The optimal model (Model-3) shows an 8.5% improvement in terms of power

output as compared to model 1 (APPS-s). In the designs (as shown in Tables 4 and 5)

the generated power is di®erent due to di®erent strains on PZT and substrate layers.

Figure 14(b) shows the average surface strain distribution, where the strain obtained

between PZT and substrate along the width and length of all arrays assuming 100

bin split between PZT and substrate interface in FEM. From Fig. 14(b) it is clear

Table 5. (Continued)

Length
(µm) 3259 2897 2535 2173 1811 1811 2173 2535 2897 3259
Model6

Length
(µm)

3259 2897 2535 2173 1811 3259 2897 2535 2173 1811

Model5

(a) (b)

Fig. 14. The various array model of APPS-s, APPSi versus (a) Power density (b) Average strain
distribution.
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that model 3 gives the highest value of average strain distribution as compared to

other models available in Tables 4 and 5. This justi¯es that the maximum average

strain distribution provides maximum charge on piezoelectric. The average strain in

model 2 for APPS-s is 129% less than that in model 3; which is 201% for APPSi. The

average strain distribution is related to the power output in each model.

5. Conclusion

In this paper, designing, modeling, analysis and optimization of di®erent structures

of piezoelectric energy harvester with di®erent substrate material has been explained.

The FEM is used to validate the model based on Euler–Bernoulli beam theory.

When the number of elements of PZT patch, connected in parallel fashion

increases, power increases steadily and the rate decreases with higher numbers of

elements. It is found both in simulation and in the analytical model that the resonant

frequency shifts toward higher side with number of elements. Power increases with

decreasing space between the array elements or increasing the width of the array

elements, which is advantageous than a single piezoelectric patch. The arrays pro-

¯led on stainless-steel and silicon cantilever are optimized for getting maximum

power density. This will reduce the cost of the prototype harvester. This type of

optimization has not been reported so far.

This work establishes the dependence of power output on the ratio of the

PZT area over the constant substrate area for both SPPS-s and APPS-s cantilevers

(Fig. 11).

From the strain distribution analysis (Fig. 8), it is concluded that the strain on

the beam is dependent on both material of the substrate and geometry of PZT.16 The

variation of tip displacement for di®erent excitation frequencies have been reported.

In future work, it the bandwidth of MEMS energy harvester will be tried to optimize

which is an important factor to capture energy in a wide range of ambient vibrations.
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